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Abstract: A measurement control system ensures that measuring equipment
and measurement processes are fit for their intended use and its importance
in achieving product quality objectives. In most real life applications, the
observations are fuzzy. In some cases specification limits (SLs) are not
precise numbers and they are expressed in fuzzy terms, so that the classical
capability indices could not be applied. In this paper we obtain 100(1 — @)%
fuzzy confidence interval for Cpm fuzzy process capability index, where
instead of precise quality we have two membership functions for specification
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capability index; Triangular fuzzy number; Fuzzy random variable.

1. INTRODUCTION

Statistical techniques can be helpful throughout the
product cycle, including activities prior to
manufacturing, in quantifying process variability, in
analyzing this variability relative to product
requirements or specifications, and in assisting
development and manufacturing in eliminating or
greatly reducing this variability. This general activity is
called process capability analysis. Process capability
refers to the uniformity of process. Obviously, the
variability in the process is a measure of the uniformity
of output. There may not exist a definition of the
“‘process capability’” but in high probability the (real
valued) quality characteristic X of the produced items
lies between some lower and upper specification limits
LSL and USL (or tolerance interval limits). Therefore
the idea of process capability implies that the fraction p
of produced nonconforming items should be small if the
process is said to be capable. In the traditional quality
management, the most commonly used -capability
indices like Cp, Cpk and Cpm are used to indicate
process capability . An underlying assumption is that
output process measurements are distributed as normal
random variables. Experience shows that the normality
assumption is often not met in real world. Application
and observations usually contain fuzziness owing
imprecise measurements or described by linguistic
variables, For instance, the water level of a river cannot
be measured in an exact way because of the fluctuation.
Therefore we can just say that the water level is
““around 32 m” and the phrase ‘‘around 32 m” can be

regarded as the fuzzy number32. Similarly,
temperature in a room is also unable to be measured
precisely because of the same reason. Therefore, the
fuzzy sets theory is found to be an appropriate tool in
modeling the imprecise data. In some cases
specification limits (SLs) are not precise numbers and

they are expressed in fuzzy terms, so that the classical
capability indices could not be applied. A. parchami et
al [2] obtained fuzzy confidence interval for fuzzy
process capability (Cp) when SLs are imprecise. Chen,
Lai and Nien [1] used the fuzzy analytic method
concerning process capability index Cpm and calculate
Cpm for fuzzy observations. Perakis and Xekalaki [3]
constructed confidence interval for the index Cpm with
crisp data. In this paper, we introduce a new fuzzy PCI
(Cpm) when SLs, target and observations are triangular
fuzzy number and introduced a 100(1— @)% confidence
interval for Cpm fuzzy process capability index, when
the engineering specification limits are triangular fuzzy
numbers.

The organization of this paper is as follows. In
section 2 we recall some notions of fuzzy numbers used
in this paper. Section 3 contains the traditional
definitions of process capability indices. Sections 4 and
5 assign to the presentation of point estimation for Cpm
based on fuzzy data and a ranking function for compare
between fuzzy numbers. We introduce a confidence
interval for Cpm with using fuzzy observation, fuzzy
target and fuzzy specification limits in section 6. At last
present a numerical example.

2. PRELIMINARIES

Let R be the set of real numbers. Set:
F(R) = {A |A:R —>[0,1], Aisacontinoufunctioh,
FT(R)= {T(a,b,c)| a,b,ce R,a<h< c} , where
(x—a)/(b—a) ifa<x<h,
T(a,b,c)z (c=0)/c=b) ifb<x<c, (21)
0 elsewhere

Any A€ F(R)is called a fuzzy set on R and any
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T (a,b, c) € Fy(R) is called a triangular fuzzy number.
Definion 2.1.
i)Let T(a,b,c)e FT(R),k € R,k >0 . Define the

operation ® on Fjp (R) as follows
keoT(a,b,c)=T(a,b,c)®k=T(ka,kb,kc), (22)
called the multipilication of T(a,b,c) by k .

ii) For a € [0,1] , the a -cut of T(a,b,c) is defined

by

(T(a,b,c))a = {x eR|T(a,b,c)= a}.

Definion 2.2.
The Dp,q-distance, indexed by parameter 1<p <1, 0 <q

< 1, between two fuzzy numbers A4 and Bis a
nonnegative function on F(R) x F(R) gives as follows

1 P 1. nk ;
. 1- HA‘—B“ da + HA -B*| da if p<oo
D (iLF)- (I-9)] 45~ B, 4,14 ~Ba ifp
p-.q
(1-¢q) sup (‘A;—B; )+q inf (‘A;—B;)ifp:oo.
0<ac<l O<a<l

The analytical properties of Dp,q depend on the first
parameter p, while the second parameter q of Dp,q
characterizes the subjective weight attributed to the
sides of the fuzzy numbers. If there are no reason to
distinguish any side of fuzzy numbers, D | is
Py

recommended.(for more information see [11])
Definition 2.3.

A mapping )?:Q—)F(R) is said to be a fuzzy

random variable associated with (Q, A) if and only if
(a),x): xe Xa(a))e AxB,

where B denote the o -field of Borel set in R.
Definition 2.4. The

central Dz, g-mean  square

dispersion of X about E(AN’ ) (or ﬁ;) is called

DVAR()?) given
by the value (if it exists)

2
Dvar(X) = E(Ds (X, fi)") = j{(l— Q)] (00 - (a1, ) da

v (X0 - )?);)Za}zp(w)

Assume that A and B are triangular fuzzy numbers:
A=T(aj,ay,a;) and B=T(b,b,,b;), the a -cuts

of A and B are as follows,

Aoc =[(l-a)a,+a,a,a;a +(1-a)a,],
Boc =[(1-a)b, +b,a .bya+(1-a)b,]
It can establish that

2
|:D21(Z,§)} :%[(bl _01)2 +2(b, —a2)2 +(bs —a3)2 +(by —a))(b, —ay)
2

+(by —a3)(by —ay)]

Proposition 1:
Suppose that X be a fuzzy random variable and
T e F(R)

E[Dz,q ()?f)]z :E[Dz,q ()?,ﬁ)?)]er[Dz,q(ﬁ;(,f)] P23
- Dvar(¥)+ [, (77 7]

Proof:

s, (2.7 = £ 0= 0000 -1, da i on -1 |

E[DZ’q @7 =a- q)I;E[(X; ) -T) [ da + qI;E[(X; ) -TH [ de

—1- )] frarzy+ gz -] dea g e g v, -0 F e = Dvar )+ [ (5 O]

Similarly, it can establish that
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| —
I ™M=

. .y2
1[D2’q(X",T)} =r117-

1

=

él[DZ’q()?’f)T N [DZ q

Fr)] e

5

b (2)e[ o, (77

where D Var</\7 ) is estimator of D Var()? ) , such as

bvar()?):%é[Dz)q()?,)?)T |

3. TRADITIONAL PROCESS
CAPABILITY INDICES

One of the proposed definitions on process
capability index consider that as the ratio of the real
performance of process to requested performance, that
is,

USL-LSL
c P :T . In order to reflect departures from

USL+ LSL

the target value (M = ) as well as changes in

the process variation several order indices have been
proposed such as C . and C pm givenas
|pu—M|
USL-LSL’
2

Cpk=Cp(1—k),k= and

c = USL-LSL

pm ’
Yo +(u—M)?

where £ is the distribution center of characteristic X .

M is not always equal to target.C pk measures the

distance between the process mean and the closest
specification limit relation to the one-side actual process
spread 30 . Departures from the target value carry more
weight with the other well-known capability

index C pm - I principal, C pm Dehaved like C pr but
Cpm is bounded above as o — 0 and i # M . For

1 =M itholds Cp=Cpk=C (see [11])

pm”*

4. FUZZY PROCCESS CAPABILITY
INDICES

If we define the specification limits by fuzzy
quantities, it is more appropriate to define the process
capability indices as fuzzy numbers.

Definition 4.1.
Let L=T7(,,,l,), U=T(u,u,,u,)are lower

and upper specification limits, whereu; > /5.
T =T(¢,t,,t,) is a fuzzy target and observations are

triangular fuzzy number also. Then
Cpm is defined as follow (see[5])

Com = kOTluy ~lyuy ~yus 1)+ (1)

-1

Where k=6 E[Dzyl(f,f)]z

2

The point estimate for Cpm is as follow,

Cpm :k®T(u1 713,u2 712,u3 711), 4.2)

Where & = 6\/li{D2)l()?i,fj

n i=l

5. RANKING FUNCTION

In this paper we are going to give a fuzzy
confidence interval, where comparing fuzzy numbers is
emergent and so an ordering approach is needed. We
need a criterion for comparison of two fuzzy subsets. A
simple but efficient approach for the ordering of the
elements of F(R) is to define a ranking function

R:F(R)—> R which maps each fuzzy number into the

real line, where a natural order exists, see [4]. Define
the order < on F(R) by
R

A2B ifand only if &(4) &(3)
A<B ifand only if R(d)< r(3)
A=B ifand only if &(4)= &(3)

Where 4 and B arein F(R).

Several ranking functions have been proposed by
researchers to suit their requirements of the problems
under consideration. For more details see [1,10]. The
ranking function proposed by Roubens [3,8] is defined
by

RF(Z):%J-OI(inf Za + sup Za )da . 5.1)
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From now on, if R, is the Roubens’s ranking function,
then we write < simply as <. We can easily prove the
R

following lemmas (for proof see[5]).
Lemma 1.
If T(a,b,c)eFr (R) then Roubens’s ranking function
reduces to following

2b+a+
Ry(T(a.b.¢)) = === (5.2)
Lemma 2.

T(a,b,c) e FT (R) and

2b+a+c>0. Then according to Roubens’s ranking
Function

m®T(a,b,c)Sn®T(a,b,c) ifand only if m<n .

Let m,ne R s

6. FUZZY CONFIDENCE INTERVAL
FOR C,,

Definition 6.1.

Let A,B e FT(R) and A< B . The fuzzy interval
[A,B] is the set

[4,B]={C e F,(R)|4<C<B}

Note that [A,B] is nonempty, since 4,B € [A,B].
Suppose that the set of all random samples of size n

which are possible is X )
Definition 6.2.

Any function A:x" —)FT(R) is called a fuzzy
statistic. Note that A(X . ¢ n) only depends
on Xj,..., X, and without any unknown parameters.
When the observation X = (X Loeees X, n) is given, then
the value of the statistic, A(X ) is just a triangular
fuzzy number. Let X be a measurable random variable
probability  space (Q, F ,P) and
T =T(a,b,c) € Fr(R) suchthat 2b+a+c>0. We
define (X ® T)(a)): X(a))@ T,VoeQ according to
Eq. (2).

Proposition 2.

Let X be a measurable random variable on the
space (Q,F,P), ki, ky €R and
T =T(a,b,c) € F(R) with 2b+a+c¢ >0 . Then
pr(kl eT<XoT <k, ®T):1—a If and only

it priky < X <ky)=1-a.

Definition 6.3.

Let A and B be fuzzy statistics as triangular fuzzy

numbers, A< B. Then [A,B] is a
By proposition 1(Eq.(2.3)), we can write

on the

probability

where

confidence interval for

100(1 - o )%
§=XoT where P4<8 <B)=1-a .

Theorem 1.

fuzzy

)?l,)?z,...,)?n are independent |,
identically distributed fuzzy random variables with
Nlu,0?) andL=7(1,,1,.1,)e Fr(R)
U=T(u1,u2,u3)e FT(R) , are lower and upper

Suppose that

specification limits (engineering fuzzy limits) , where
u; >[5 . taget value is triangular fuzzy number also

such as T'=T (tl,tz,t3)eFT (R) Then the following

interval is a 100(1 - a)% fuzzy confidence interval for

® Z;fa/Z(né‘) s

12
il ® Xnl-al2 (A”5) Where
n(l+6)  P™

n(l+8)

5o . [Dy2 (TP
C,pis defined with Eq.(4.2) , 5_W
and ;(,',za /2(n5) depicted as the non-central chi-square

with n degrees
parameter no
Proof:

of freedom and Non-centrality

n )? ‘,f 2
The statistic ZM
i=1 Dvar

non- central chi-square with n degrees of freedom and
Non-centrality parameter no where

5 _ [DZ,I/2(ﬁ9f)]2
N Dvar

is distributed as the

[9]. We have

2D, (X, )P

Pl y? (nd)< =
Xrain(16) Dvar®)

<Xrran(d) |=1-a

Therefore

X112 (n8)D var(X) . 1

2
Z{Dl;(}i’f)} E{DZY;(},TV)_

X3ias2(n8)D var(X)

2 2
Z{Dzl()?i,f)} E{Dzl()?,f)}
3 ,

2
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| rino)Dva(®) |

P(|— = = —
\[ nDvar(X)+nlp_ (XD 6 \/1/;12[02 (X DP
1 .

1 )(;121_“/2(115)ﬁvar()~()
< < 2

6 /E[D2 L(XDP \j nDvar(¥)+n[D_, X, PP
2 7

1

6 /1/;12[02 (XD
2

X

)=1-a.

[z ®) 1
DD D, (XD 6\/1/:12[1)2 (XD
. .
and
‘ 202 (n8) Dvar(X) 1
ky = 5

\’ nDvar(X)+nD_, XD 6 \/1/nz[D,l()?,f)]2
»E “

By proposition 2 and the fact #; > /5 ,we can obtain
Py @T (uy =Ly uy =1y uy —1) <

RESAEARCH

2 2
1) 2 ~ 5 2
P Xnal2 ” )®C < ln.lfa/l(fl )®C )=l-a
n(1+38) pm.——pm n(1+5) pm

Hence by definition (6.3)

Z;fa/z(’fé') ®é , Z;v?l—a/Z(Ané‘) ®é isa
n(l+5) pm n(l+9) pm

100(1 — ¢)% fuzzy confidence interval for c o

= T(a,b,c) ,with

2 N
Rr(E )E R Xna 2(’}@ ®5mw R, lul a12(nd) Cpm
pm r n(1+6) n(1+3)

is in the 100(1— )% fuzzy confidence interval given

Note thatany C,,,

in theoreml if the following inequalities hold

1 ———Q®T(uy —l3,uy = by, u3 = 1,)
6 [ELD (X, 1)) u—1y Zina12(19) _
2 | N n(1+3) ’
<ky ®T(w, ~Lyyuy ~Lyus — ) =1 -« 6| %D (%.T)
By Eq. (2.1) ni=l| 25
P(T(kl(ul —13),k1(u2 —lz)akl(”3 —11))<
1
T uy —ly,uy — 1y, uy — 1
> (1 3,Up — i, U3 1) > uy —1, an a/z("5)
6 E[D I(X,T)} - { } n(1+9)
2,—
2 ; l
<T(k2(ul—l3),k2(u2—12),k2(u3—ll))):1—a E
By Eq.(4.1) and Eq.(4.2) we obtian
and
2 - 2 -
D) A a 12(n9) Uy =1 Xl -a/2(nd)
n(l+3) n(l+3)

Zim-ar2(n9) ii) Let
n(1+3)

1e \/Z;,a/z(”‘s)’\/l;-laﬂﬁng) Then any

n(1+4) n(1+9)

Cpp =4®C,,

interval given in Theoreml.

is in the 100(1 — @)% fuzzy confidence

GJiifl{Dz.;()?i,f)}

7. ANUMERICAL EXAMPLE

Table 1 shows the Fuzzy data given in [1]. In this
example, LSL =T (5.4,5.5 ,5.6)

USL=T(6.3,6.4,6.5and T=T7(5.9,6,6.1). Fig
1(a) shows the membership function of fuzzy process
based on the

definition 2.5 is 7'=7(0.5823,0.7487,0.9151) as
shown in Figl(b). We present 100(l — «)% confidence

intervals using the Theorem1 in Table II and illustrate
these fuzzy confidence intervals in Figl(c) .

specification limits. The value of Epm
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)?1 =T(5.85,6.15,6.35)

)?1 1 =T(5.86,6.04,6.25)

X, =T(5.5,5.81,5.99)

)?2 =T(5.79,5.9,5.98)

)?12 =T(6.13,6.23,6.33)

X5, =T(5.6,5.92,6.05)

X, =T (5.71,5.83,5.99)

X;=T(5.95,6.05,6.19)

X53=T(5.5,5.75,5.95)

X 4 =T (6.05,6.18,6.32)

)?1 4 =T(5.06,5.65,5.70)

X,y =T(5.84,6.03,6.15]

>0
Il

5= T(5.89.6.06,6.23)

)?1 5 =T(5.65,5.74,5.84)

X5 =T(6.05,6.30,6.50]

>
Il

= T(6.01,6.10,6.25)

X6 =T(5.70,5.77.5.83)

X, =T(6.25,6.35,6.45]

)?7 T(6.15,6.20,6.30)

X7 =T(6.23,6.32,6.40)

X,, =T(5.65.,5.86,6.05]

)?8 =T(5.64,5.81,6.05)

X4 =T(5.60,5.70,5.08)

X, =T(5.70,5.87,5.95]

)?9 =T(5.8,5.9,5.98)

X, o =T(95.85,5.95,6.05)

X9 =T(5.75,5.95,5.15]

X, =T(6.01,6.12,6.24)

X, =T(5.90.6.00.6.10)

X3=T(6.10,6.23,6.46]
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